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Abstract
Identical two-particle interferometry provides a scenario where inter-
ference and exchange effects manifest at once. We present a detailed cal-
culation of the detection patterns in the two-particle two-slit experiment
by extending Feynman’s Gaussian slit approach to multi-mode states. We
show the existence of two regimes depending on the mode distributions.
In one of them we find a novel behavior for bosons, with detection patterns
almost equal to those of distinguishable particles although the overlapping
is large. As a byproduct of our analysis we conclude that the interaction
at the diffraction grating is an efficient method to increase the initial over-
lapping. We propose a scheme, within the reach of present day technology,
to experimentally verify our results.
1 Introduction
Multi-photon interference, specially two-photon one, has been extensively stud-
ied in Quantum Optics after the seminal Hong-Ou-Mandel work (HOM) [1, 2].
More recently, similar ideas have been presented for identical massive particles
[3, 4, 5]. Identical multi-particle interference is interesting because two funda-
mental principles of quantum theory, interference and (anti)symmetrization of
the states of identical particles, act simultaneously in the system. Interference
and exchange effects can be observed at once.
In previous proposals of massive multi-particle interferometry no detailed
evaluation of the detection patterns has been presented. Such an evaluation is
necessary for comparison with the results of any potential experimental test.
For instance, in [4] a calculation of the two-particle one-slit patterns has been
carried out, but with an oversimplified state. It is necessary to consider more
realistic states. We do it here for the two-slit arrangement.
The two-slit experiment is the archetypical example of quantum interfer-
ence. It has been used on countless occasions to illustrate the wave properties
of quantum systems. However, the massive two-particle counterpart of the ar-
rangement (with a detailed evaluation of the expected patterns) has not been
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discussed in the literature. As it is well known, the exact evaluation of the wave
function of a particle passing through a slit demands the use of Fresnel’s func-
tions, complicating the understanding of the problem. In order to carry out the
discussion in mathematical terms as simple as possible we resort to Feynman’s
Gaussian slit approximation, used in the path integrals formalism [6]. Moreover,
to make the evaluation more realistic, we shall consider particles in multi-mode
states instead of the single-mode one presented in [6].
In the above approximation we can determine the two-particle detection
patterns, which show the existence of two regimes. For similar mode distribu-
tions of the two particles (in a sense discussed quantitatively later) the patterns
of distinguishable particles and bosons are almost equal and indistinguishable
from the experimental point of view. In contrast, fermions patterns are clearly
different. When the mode distributions are not similar we have another regime
where the three types of patterns are easily distinguishable.
As we shall see later, in the first regime we have in general a large overlap-
ping. Then we should expect an important contribution of the exchange effects
and, as in the HOM experiment, a clearly differentiated behavior of bosons and
distinguishable particles. The unexpected behavior found in that regime can
be explained by the simultaneous contribution of the large final overlapping to
the form of the two-particle wave function and its normalization, two factors
that cancel each other out. As a byproduct of the analysis we shall show that
the interaction at the diffraction grating increases the initial overlapping of the
particles.
In the final part of the paper we propose a scheme for the experimental
verification of two-atom two-slit interferometry. The source of a single parti-
cle diffraction arrangement is replaced by one of (anti)symmetrized two-particle
states using techniques of atom lasers [7], making possible the comparison of
the two-particle detection patterns of bosons and fermions with these of distin-
guishable particles.
2 General expressions for two-particle systems
Our arrangement is a standard two-slit interference device, but with the source
emitting pairs of particles. The particles can be distinguishable or identical.
After the slits we place detectors that determine the joint patterns by counting
arrivals on coincidence. We denote the two slits by A and B. The two particles
are in the states ψ(x) and φ(y), with x and y their coordinates. If we consider
detections in a plane parallel to the slits we can reduce the problem to an one-
dimensional one, as we do here. The first wave function can be expressed as
ψ(x) = Nψ(ψA(x) + ψB(x)) (1)
with Nψ the normalization coefficient, deduced from
∫
dx|ψ(x)|2 = 1 . A similar
expression holds for φ.
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If the two particles are distinguishable the state of the two-particle system
is a product one:
Φ(x, y) = ψ(x)φ(y) (2)
Note that this state is already normalized,
∫ ∫
dxdy|Φ(x, y)|2 = 1, because of
the previous normalization of ψ and φ.
When the two particles are identical the joint state is
Ψ(x, y) = NΨ(ψ(x)φ(y) ± ψ(y)φ(x)) (3)
In the double sign expression ± the upper one refers to bosons and the lower
one to fermions. The normalization factor is
NΨ =
1
(2± 2| < ψ|φ > |2)1/2 (4)
where, for the matter of simplicity, we have used the ket notation < ψ|φ >=∫
dxψ∗(x)φ(x).
From these expressions we can derive the probability densities of joint detec-
tion. In the distinguishable case, in order to obtain a more compact presentation
(in the comparison with the identical case, where there is an interchange of the
coordinates x and y) it is natural to present the results in a more symmetric
way. In Eq. (2) the particles in states ψ and φ are labeled by x and y. Simi-
larly, we could denote them by y and x (ψ(y) and φ(x)). Then the symmetric
presentation of the probability density for distinguishable particles is
Pdis(x, y) =
1
2
|Φ(x, y)|2 + 1
2
|Φ(y, x)|2 (5)
For identical particles the density probability is P (x, y) = |Ψ(x, y)|2. After a
simple calculation we have
P (x, y) = 2|NΨ|2Pdis(x, y)± 2|NΨ|2
A,B∑
i1,i2,i3,i4
Re(ψ∗i1(x)φ
∗
i2 (y)ψi3 (y)φi4 (x)) (6)
In the above sum the indexes i1, i2, · · · run over the two alternatives available
for each particle, A and B.
The probability density is given by the sum of two terms, the direct and
exchange ones. Note that there are sixteen exchange terms associated with the
eight alternatives present in the problem (the first alternative is the particle in
state ψ going through slit A and the particle in state φ also passing through
A,...).
3 Feynman’s Gaussian slit approximation
Our next step is to derive the wave functions of the particles after the slits,
for instance, ψA. The source is placed at point x = 0 and the middle point of
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the slit (with a width 2b) at x0. The particle is initially in a multi-mode state
described by the distribution [8]
f(k) =
(4pi)1/4
σ1/2
exp(−k2/2σ2) (7)
This is a Gaussian function with mean value k0 = 0. The wave function in the
position space is given by
ψA(x, t) = (2pi)
−1
∫
dkf(k) exp(i(kx− k2h¯t/2m)) =
C(t) exp
(−σ2x2 + ih¯σ4x2t/m
µ(t)
)
(8)
with
C(t) = pi−1/4
(
1
σ
+
ih¯σt
m
)
−1/2
;µ(t) = 2
(
1 +
h¯2σ4t2
m2
)
(9)
Equation (8) differs from Eq. (17) in [8] by the absence of a factor 2 in the
second term of the numerator of the exponential.
The particle evolves free up to the slit. After the slit the wave function can
be expressed using the path integral formalism [6]
ψA(x, t) =
∫
slit
dxsK(x, t;xs, ts)ψA(xs, ts) (10)
Where the subscript s refers to the coordinates of the slit (xs) and the time
when the particle reaches it (ts). The integration is over all the extension of the
slit (for the rest of the paper, when no explicit range of integration is included
we refer to (−∞,∞)). K denotes the kernel of the problem which is well known
to be [6]
K(x, t;xs, ts) =
(
m
2piih¯(t− ts)
)1/2
exp
(
im(x− xs)2
2h¯(t− ts)
)
(11)
As signalled in the Introduction the above integral leads to Fresnel’s functions,
making impossible to deal analytically with the problem. Thus, to present a
more intuitive physical picture of the problem we avoid, following Feynman,
the use of the Fresnel functions by introducing the Gaussian slit approximation.
In this approach the integration is extended to all the axis, but with a weight
function exp(−(xs−x0)2/2b2) that reduces the relevant values of the integrand
to the proximity of the slit. Explicitly, we have
ψA(x, t) =
∫
dxse
−(xs−x0)
2/2b2K(x, t;xs, ts)ψA(xs, ts) (12)
After a simple calculation we obtain
ψA(x, t) = Ceimx
2/2h¯(t−ts)e−(α−iβ)x
2
e−(δ+iγ)x (13)
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with
C = C(ts)
(
m
2ih¯(t− ts)(D + iF )
)1/2
e−x
2
0
/2b2eG
2(D−iF )/4(D2+F 2) (14)
α =
DH2
4(D2 + F 2)
;β =
FH2
4(D2 + F 2)
; γ =
DGH
2(D2 + F 2)
; δ =
GHF
2(D2 + F 2)
(15)
and
D =
1
2b2
+
σ2
µ
;F = − h¯σ
4ts
mµ
− m
2h¯(t− ts) ;G =
x0
b2
;H =
m
h¯(t− ts) (16)
4 Two-particle probability densities
The expressions for the other wave functions are similar to Eq. (13):
ψB(x, t) = Ceimx
2/2h¯(t−ts)e−(α−iβ)x
2
e(δ+iγ)x (17)
φA(x, t) = Ceimx
2/2h¯(t−ts)e−(α−iβ)x
2
e−(δ+iγ)x (18)
and
φB(x, t) = Ceimx
2/2h¯(t−ts)e−(α−iβ)x
2
e(δ+iγ)x (19)
All the coefficients of the particle in state φ are denoted by an overline. The
width of the mode distribution in this case is σ, giving rise to different D and
F and, consequently, different C, α,... The different widths of the initial multi-
mode states is the parameter we use to control the initial overlapping of the
two particles. On the other hand, H is equal in all the cases and G changes its
sign for the slit B, leading to the modifications γ → −γ,..., δ → −δ. Finally,
exp(imx2/2h¯(t−ts)) is equal for the four terms and will cancel in the calculation
of probability densities.
Using these expressions we can derive the normalization coefficients and the
detection patterns. The normalization coefficients are
Nψ =
1
|C|
( α
2pi
)1/4
(eδ
2/2α + e−γ
2/2α)−1/2 (20)
and a similar expression for Nφ with obvious modifications. NΨ is given by Eq.
(4), where | < ψ|φ > |2 can be calculated from
1
C∗CNψNφ
(
(α+ α) + i(β − β)
pi
)1/2
< ψ|φ >=
exp
(
((δ + δ)− i(γ − γ))2
4((α+ α) + i(β − β))
)
+ exp
(
((δ − δ)− i(γ + γ))2
4((α+ α) + i(β − β))
)
+
exp
(
((δ − δ) + i(γ + γ))2
4((α+ α) + i(β − β))
)
+ exp
(
(−(δ + δ) + i(γ − γ))2
4((α+ α) + i(β − β))
)
(21)
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Finally, we evaluate the detection patterns. From the experimental point of view
they are measured by placing a detector at a fixed position x and by moving
another detector along the y-axis. We choose x = 0 and obtain
Pdis(0, y)/(|C|2|C|2N2ψN2φ) = 2e−2αy
2
(e−2δy + e2δy) +
2e−2αy
2
(e−2δy + e2δy) + 4e−2αy
2
cos(2γy) + 4e−2αy
2
cos(2γy) (22)
and
(e(α+α)y
2
/|C|2|C|2N2ψN2φ)
A,B∑
i1,i2,i3,i4
Re(ψ∗i1(0)φ
∗
i2 (y)ψi3(y)φi4 (0)) =
4e−(δ+δ)y cos((β − β)y2 + (γ − γ)y) + 4e(δ+δ)y cos((β − β)y2 − (γ − γ)y) +
4e(δ−δ)y cos((β − β)y2 + (γ + γ)y) + 4e−(δ−δ)y cos((β − β)y2 − (γ + γ)y) (23)
5 Results
Using the above equations we can graphically represent the behavior of the joint
detection probability densities. First of all, we choose numerical values for the
parameters of the problem. Typical values of the slit size and separation be-
tween the slits are of the order of 1µm. Usual separations between the source
and diffraction grating are close to half a meter, and velocities perpendicular to
the plane of the diffraction grating vary in a wide range (102 to 107ms−1). For
instance, for atoms typical values are around 3 × 103ms−1. Then we can take
for the time of fly 10−4 to 10−5s and h¯ts/m ≈ 1µm2 (similarly, for h¯(t− ts)/m).
The dispersion of the initial wavepacket (σ ≈ ∆k) in the axis parallel to the
diffraction grating can be expressed in terms of the dispersion of the particle
velocity in that direction, σ ≈ m∆v/h¯. Taking into account the perpendicu-
lar velocity and source-grating separation we must have ∆v ≈ 10−1ms−1 (the
probability of reaching the slits for particles with much larger parallel velocities
is negligible). This corresponds to σ ≈ 1µm−1.
We choose for our representation the values b = 0.1µm, x0 = 0.4µm.
h¯ts/m = h¯(t − ts)/m = 0.2µm2, σ = 1µm−1 and σ = 2µm−1. The most
relevant fact (see Fig. 1) is that the curves for bosons and distinguishable par-
ticles are almost equal. In contrast, the behavior of fermions is clearly different.
Next, we represent (see Fig. 2) the detection patterns with the same param-
eters of Fig. 1 but with a larger spread of the initial wavepacket, σ = 4µm−1.
Now, the situation drastically changes with patterns clearly different for bosons
and distinguishable particles, and again for fermions.
6
−6 −4 −2 0 2 4 6
0.0
0
0.0
5
0.1
0
0.1
5
0.2
0
0.2
5
0.3
0
y
p
Figure 1: Probability density of simultaneous detection (in µm−2) versus posi-
tion of the moving detector y (in µm) for the values signaled in the text. The
black, red and blue curves correspond respectively to distinguishable particles,
fermions and bosons.
−6 −4 −2 0 2 4 6
0.0
0
0.0
2
0.0
4
0.0
6
0.0
8
0.1
0
y
p
Figure 2: The same as Fig. 1 but for σ = 4µm−1.
The trend observed in the two above figures is general. For all the σ smaller
than approximately 2.5µm−1 the curves of distinguishable particles and bosons
are almost equal. For other values of the parameters b, x0,... the critical value of
σ changes, but the behavior is the same. We can easily understand this property
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in terms of the final overlapping between the particles after the diffraction grat-
ing. The overlapping is measured in terms of | < ψ|φ > |2, which reaches the
maximum value 1 for full overlapping (φ = ψ) and decreases to 0 for orthogonal
wave functions with null overlapping. We represent it in Fig. 3.
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Figure 3: Dimensionless overlapping after the diffraction grating versus initial
spread of one of the particles σ (in µm−1, with σ fixed to 1µm−1).
We see that for approximately σ < 2.5µm−1 the final overlapping is very
close to unity. For bosons the full wave function can be expressed as ΨB(x, y) ≈
2ψ(x)ψ(y)/
√
2 + 2 ≈ ψ(x)ψ(y) (because | < ψ(x)|φ(x) > |2 ≈ 1 implies ψ(x) ≈
φ(x)). Then the two-particle wave function for bosons is almost equal to that
of distinguishable particles, a product state, and we must expect almost equal
detection patterns in both cases. For fermions the situation is different. In the
limit of complete overlapping we have, ΨF (x, y) → (1 − 1)ψ(x)ψ(y)/
√
2− 2,
an undefined expression of the type 0/0 reflecting Pauli’s exclusion principle.
However, for values very close to unity of the overlapping we have the quotient
of two very small numbers but that is well defined and, as shown by Fig.1,
different from the distinguishable case.
As a byproduct of the above analysis we obtain a potentially interesting
application. We compare the initial and final overlapping, that is, prior and
subsequent to the interaction with the diffraction grating. The initial over-
lapping is given by 2σσ/(σ2 + σ2). We have that the initial overlapping for
σ = 0.1, 0.5, 2 and 4µm−1 (and σ = 1µm−1) is 0.2, 0.48, 0.47 and 0.12, whereas
the final overlapping is 0.99 for the three first cases and 0.39 for the fourth one.
The diffraction grating acts as an efficient mechanism if we use it as a device to
increase the overlapping of the pair of particles.
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6 Experimental tests
We briefly propose in this section a scheme able to test the two-atom two-slit
patterns with present day technology. We shall mainly resort to the techniques
of atom laser generation. For the sake of concreteness we shall focus on the
arrangement described in reference [7], which is specially well suited for our
purposes.
Our starting point is the two-particle source. It consists of a trap containing
a large number of atoms (see Fig. 4). We extract atoms from the trap in
a controlled way. This can be done using a microwave beam. For instance,
in [7] the 87Rb atoms in the magnetic trap are in the hyperfine ground state
|F = 1,mF = −1 >. The microwave spin-flips some atoms into the state
|F = 2,mF = 0 >. These atoms do not feel the trapping interaction and
escape. Then the atoms fall by gravity and reach the diffraction grating. The
joint patterns are subsequently measured by atom detection within a temporal
coincidence window.
MICROWAVE
TRAP
DETECTOR
Figure 4: The continuous microwave beam ejects atoms from the trap at a slow
rate.
The critical points in the scheme are, (i) to make the escaping rate small
enough in order to have small probabilities of a large number of released atoms in
the time interval defined by the coincidence window, and (ii) to guarantee that
the atoms detected in that window have a non-negligible overlapping giving rise
to exchange effects. The two conditions can be fulfilled by the extraction method
in [7]. With respect to (ii) it must be remarked that the microwave beam cannot
be monochromatic because this would lead to an atom laser without bunching.
Instead, we must use a broadband beam with noise (a pseudo-thermal beam), in
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which bunching effects are present [7]. The presence of these effects certifies the
existence of overlapping between the atoms. Moreover, varying the chromatic
composition of the beam we could control the overlapping degree. On the other
hand, concerning (i), the counting statistics (for a detection time interval of
1.5ms and a flux close to 5 atoms perms) in the pseudo-thermal case agrees with
a Bose distribution of mean value 1.99. The probability of time intervals with
five or more detections is small, but the probability of one or three detections
during a single interval is comparable to that of two events. Then we must
introduce a postselection routine to eliminate the cases with one and three or
more detections in the coincidence window (note, as we shall see later, that the
coincidence window is much shorter than the time interval used to determine
the counting statistics). This routine also eliminates the cases where two atoms
are released from the trap during the coincidence window but one of them is
absorbed by the wall delimiting the slits.
With respect to the detectors, we suggest to consider the same type used in
[9], which is space- and time-sensitive. This way we can resolve the point and
time of arrival of each particle. The coincidence window can be close to the
values 25µs [9] or 50µs [7] used as time bin sizes to construct the histograms in
these references.
The above discussion has been carried out with bosons. The extension to
fermions follows the same lines. Instead of the BEC of [7] we must consider a
trap containing a degenerate Fermi gas. Using the adequate output coupling we
can extract fermions from the trap in a controlled way.
7 Discussion
We have explicitly evaluated the joint detection patterns of the two-particle
two-slit arrangement. The calculations are based on the extension of Feynman’s
Gaussian slit approximation to multi-mode states. This approximation allows
for an analytical approach to the problem.
The detection patterns of bosons, fermions and distinguishable particles are
clearly different in the regime of distant mode distributions (in the space of
distribution functions). When these mode distributions are close the behavior
of bosons and distinguishable particles is almost identical due to the large final
overlapping.
The behavior of bosons in the second case is counterintuitive. With large
overlapping we in general expect the exchange effects to be also large and the
detection patterns of identical and distinguishable particles to differ. This is
so in the HOM arrangement. In particular, when the photons overlapping is
close to unity (and the reflection and transmission coefficients are equal) we
can observe the famous HOM dip, with no pair of photons leaving the beam
splitter in different arms. This pattern contrasts with that of no-overlapping
photons where the probability for one photon emerging in each output arm
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is 1/2 [2]. The difference between our system and the HOM one lies in the
form of the final states. In our case the almost unity final overlapping leads
to almost equal final wave functions and the approximate form 2ψ(x)ψ(y) for
the numerator of Ψ(x, y). The coefficient 2, for very large overlapping, cancels
with the denominator, (2 + 2| < ψ|φ > |2)1/2 ≈ 2. Ψ approximately reduces
to a product state characteristic of distinguishable particles. In contrast, in the
HOM case the two-photon state after the beam splitter only adopts the form
corresponding to photons that reflect and transmit independently (the form
we expect for particles that, in the absence of exchange interactions, evolve
independently) when the overlapping is null: for large overlapping there is not a
cancelation effect of the type present in our arrangement. Up to our knowledge,
this counterintuitive type of behavior of the bosons has not been previously
described in the literature.
The differentiated behavior of the three types of particles shows the simul-
taneous presence of interference and exchange effects. In particular, we have a
manifestation of exchange interactions potentially verifiable and different from
(anti)bunching. This is interesting because (anti)bunching tests have dominated
the experimental arena in the search of effects associated with the statistics of
massive particles during the last years (see [9] and references therein).
We have also shown that interference at the diffraction grating is an efficient
method to generate large degrees of overlapping. This point could be of interest
in the preparation of (anti)symmetrized states.
A scheme to experimentally test the results of this paper in atomic systems
has been presented. It is based on existent techniques and then seems to be a
realistic proposal. It can be easily extended to other types of two-particle inter-
ferences and could, with minor modifications, be used to test the arrangements
discussed in [3, 4, 5]. In the same line of this proposal we could also test simul-
taneously interference and exchange effects in many-particle systems instead of
only two-particle ones. By similitude with the experiment in [9] we can turn off
the trapping potential, releasing all the atoms at the same time. After interac-
tion with a diffraction grating and detection, the observed correlation functions
would contain information on the interference device parameters and particle
statistics. The many-particle experiment would be much less demanding than
the two-particle one.
I acknowledge support from Spanish Ministerio de Ciencia e Innovacio´n
through the research project FIS2009-09522.
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